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Abstract 

The inherent coupUng of optical and mechanical modes in high finesse optical microresonators 
provide a natmal, highly sensitive transduction mechanism for micromechanical vibrations. Using 
homodyne and polarization spectroscopy techniques, we achieve shot-noise limited displacement 
sensitivities of 10^^^ m/V Hz. In an unprecedented manner, this enables the detection and study of 
a variety of mechanical modes, which are identified as radial breathing, flexural and torsional modes 
using 3-dimensional finite element modelling. Furthermore, a broadband equivalent displacement 
noise is measured and found to agree well with models for thermorefractive noise in silica dielec- 
tric cavities. Implications for ground-state cooling, displacement sensing and Kerr squeezing are 
discussed. 
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photothermal effects 



* These authors contributed equally to this work. 
^ Electronic mail: tjk@mpq.mpg.de 



I. INTRODUCTION 



The transduction and measurement of small displacements of mechanical oscillators is 
important in a variety of studies ranging from macroscale gravitational wave detection [l| to 
micron-scale cantilever-based force measurements Qj- One embodiment that is particularly 
amenable to measurement of small displacements is the parametric coupling of a high-Q 
electrical or optical resonance to a mechanical oscillator In the case of a Fabry- Perot 
interferometer with a harmonically oscillating end-mirror, this parametric coupling manifests 
itself as a position-dependent shift of the resonance frequency, thereby allowing transducing 
the mechanical motion into a change of the phase of a resonant field probing the Fabry- Perot 
cavity. 

However, even for a perfect measurement apparatus, the sensitivity is limited by the laws 
of quantum mechanics. Fundamentally, any linear measurement process entails that it must 
also exert a backaction onto the mechanical oscillator, as first discussed by Braginsky 0, 4|. 
Braginksy identified two types of backaction: quantum backaction and dynamic backaction. 
Dynamic backaction occurs when the optical interferometer (or cavity) is excited in a detuned 
manner. In this case the radiation pressure force exerted by photons in the cavity can become 
viscous and lead to either amplification or cooling of the mechanical motion. This effect 
is entirely classical and has been first observed in 2005 in the case of radiation-pressure 



amplification and oscillation l5, |6| and in 2006 also for radiation-pressure cooling 
For a recent review see Ref. [lO]. For the case of resonant excitation of the cavity or circuit, 
this effect can however in principle be entirely suppressed. In contrast, quantum backaction 
cannot be suppressed and arises from the discrete nature of the photons (or electrons) 
involved in the measurement process. The quantum fluctuations of the intracavity field cause 
a random force that drives the mechanical oscillator and thereby leads to perturbation of its 
position. This quantum backaction provides a limit to continuous position measurements 
and leads to the so called standard quantum limit [s, ll|. At the standard quantum limit, the 
measurement imprecision is equal to the zero point motion of the mechanical oscillator, to 
which both shot noise and quantum backaction contribute in equal amounts. Over the past 
decades, significant progress has been made in approaching this quantum limit of motion 
measurement in the context of both electromechanical and optomechanical experiments. 
Researchers have investigated a variety of mechanisms and devices as motion transducers 
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of mesoscopic oscillators, for example quantum point contacts 



single-electron transistors IJ, uM, atomic 
111. 1 1711 and magnetomotive transducers Il8, 

nrin 

transducers 181. 120.121 



pomt contacts 



superconducting 



16|, microwave interferometers 



19| . In terms of demonstrated sensitivity, optical 



22| have been unsurpassed, measuring mechanical displacement down 
to the 10~^°m/ a/Hz level for measurement bandwidths up to 1 MHz. 

Important to the detection process is that the optical transducer is typically not only 
sensitive to a single mechanical mode of interest, but sensitive to any differential change 
in the cavity's optical path length. Therefore, a variety of mechanical modes of the cavity 
boundary can contribute and the signal from the mode of interest may be spectroscopically 
extracted based on its Fourier frequency. The thermal excitation of other modes, and other 
effective cavity length fluctuations may constitute a measurement background in excess of 
the quantum shot of the lightused to monitor the mode of interest. Assessing this back- 



ground therefore proves particularly important i: 



temperature as recently achieved 
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one mode is 
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aser-cooled below the bath 



29|. 



In this letter, we provide a broadband analysis of the noises in the optomechanical trans- 
duction of radial displacements in toroidal silica microcavities, revealing in detail the influ- 



ence of all other mechanical modes. Toroidal microcavities 



301 1 are optical resonators that 



host both high-quality optical and mechanical modes in one and the same device, and have 



been used to demonstrate radiation pressure dynamic backaction for the first time 
'. Efficient cooling by dynamical backaction 



9] and the resolved-sideband regime [29 



IB- 



31 1 has been demonstrated both in the "Doppler" 
32|, |33|], rendering them particularly interesting for 

n 

the goals of the emerging discipline of cavity quantum optomechanics pH] , which pertains to 
studying quantum phenomena of mesoscopic mechanical oscillators. We report broadband 
interferometric measurement of their radio-frequency mechanical modes based on paramet- 
ric coupling to the optical whispering-gallery modes (WGMs). Using adaptations of both 
the Hansch-Coulliaud polarization spectroscopy 3^ and optical homodyne measurement, 
displacement sensitivities at the level of 10~^^m/-\/Hz are achieved over a measurement 
bandwidth of up to 20 MHz. 

We find sparse spectra of mechanical modes which allow obtaining a detailed understand- 
ing of the modes using 3-dimensional finite-element simulations. More than 20 mechanical 
modes are observed between DC— 100 MHz comprising radial breathing, fiexural and tor- 
sional modes. We furthermore identify a broadband noise background which is attributed 
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to thermorefractive noise, as previously observed in silica microspheres 33]. The detailed 
understanding of these noise processes (both due to mechanical modes and thermorefrac- 



tive noise) is particu 



state cooling 



32 



arly important for studies such as pondermotive squeezing 36|], ground 



37|. 



33], as well as squeezing using the third order Kerr nonlinearity of glass 



II. WHISPERING GALLERY MODES FOR OPTICAL MOTION TRANSDUC- 
TION 



Decades o 
fundamental 



research in the field of gravitational wave astronomy have brought major 
, and technological advances in interferometric transduction of mechanical 



displacements. More recent efforts 



3: 



38| have shown that these techniques are well suited 



for application to much lighter oscillators at the microscale. Such oscillators are expected to 
display quantum effects at significantly higher temperatures. In the following, we will briefly 
review the limits for the interferometric detection of micromechanical oscillations using high- 



quahty WGMs 



391]. The employed silica toroidal resonators (figure [T]) possess ultra-high-Q 



optical modes which are confined by total internal refiection 30|] . In addition, microcavities 
also exhibit structural resonances giving rise to high frequency vibrational modes j^, 1^, . 
Mechanical modes which affect the circumference of the cavity shift the optical resonance 
frequency, and thereby couple to the optical degree of freedom. This was recognized in early 
experiments that demonstrated the parametric oscillation instability and provides, as 
shown here, a natural way for highly sensitive motion transduction. 

A change of the major radius by a small displacement x induces a shift of the resonance 
frequency of the whispering gallery modes located in the rim of the toroid by an amount 
Aujq/ujo = x/R. This induces a change in the properties of a field launched into this mode. 
In the usual coupling geometry using a tapered fibre, the field transmitted through the 
tapered fibre reads [41] 



(1) 



T-cx + T-Q + 2i{uj - a;o)T-cxT-o 

where Tex and tq are the inverse cavity decay rates due to output coupling to the taper 
and due to other losses^]. The condition with = tq is usually referred to as critically 
coupled or impedance matched. To first order, the transmitted amplitude is not affected by 
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FIG. 1: Motion transduction with a whispering gallery mode resonator, (a) Changes x is the 
cavity radius change the resonance condition for the field E^^ evanescently coupled to the WGM. 
Information on the displacement x is therefore imprinted on the field -Eout transmitted through the 
taper, (b) Optical microscope image of tapered fibre coupled toroidal microresonator (top view). 

small mechanically- induced resonance frequency shifts Aujq for a resonant laser uj = uq, the 
phase of the field, however, is. By comparison with a phase reference in an interferometric 
measurement, the displacement x can be thereby be detected. For example, the output 
field may be brought to interference with a strong field Eio at the same frequency ujq using 
a half-transmissive beam splitter. Choosing the appropriate phase of the reference field 
Eio, the photon fluxes detected at the two output ports of the splitter are determined by 
|(£'out(i) ± iEio{t)) / V^l"^ . Subtraction of these two simultaneously measured fluxes yields a 
differential signal 

to first order in x, where k = Tq^ + r^"^ is the cavity's total decay rate (i.e. linewidth) 
and Pia/hu and Pio/huu are the photon fluxes corresponding to the fields E^^ and Ei^. The 
coupling efficiency 

To + Tex 

can take values ... 1, approaching for undercoupling (tcx — > c>o) and 1 in the case of 
overcoupling (tox — > 0), while at critical coupling it is equal to 1/2. Physically this quantity 
thus describes the probability of an intracavity photon coupling to the output fibre. The 
fundamental noise source in this detection scheme arises from the quantum phase noise of the 
light being detected. This leads to a spectral density of fiux (and thus signal) fiuctuations of 
P\o/hjJ in the experimentally desirable limit P\o ^ -Pout- The resulting minimum detectable 
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displacement Sxmin is 



(4) 



\/A7 8cuo/a7^ levrr/c^/^r/n^' 

where the finesse = c/nRn of the WGM was introduced, A = 2TTc/nuJo is the optical 
wavelength in glass and A/ the measurement bandwidth. Note that the finesse is also 
afi^ected by the coupling rjc via JF = jFo(l — rjc), where J-'o is the "intrinsic" finesse in the 
undercoupled limit r^^ oo, so that the optimum sensitivity is achieved at critical coupling 
Vc = 1/2. 

We note that the same result is obtained following a more formal approach, using the 
linearized quantum Lan gevi n equations (QLE) of the coupled optomechanical system around 



a stable working point [36|, |42, |43|]. This allows in particular calculating the fiuctuations 
in any arbitrary quadrature of the output field. Comparison of the resulting quantum 
fiuctuations and mechanically induced fluctuations in the detected output phase quadrature 
yields a minimum displacement of 



SXjnini^) A 1 ■ llJ^ f SL J (5) 



Compared to (jll), this calculation adds only a correction due to the finite response time of 
the cavity for Fourier frequencies fl exceeding the cavity cutoff k,/2. We note that the full 
expression ([5]) can also be derived from a classical calculation of the signal, considering the 
amplitude of the motional sidebands of the field coupling out of the cavity and comparing 
it with detection shot noise The detection limit ([5]) corresponds to a spectral density 
of measurement imprecision 

As first pointed out by Braginsky (s^, this measurement inevitably exerts backaction 
on the mechanical device. In the case of an optical transducer, quantum backaction is 
enforced by the fiuctuations of radiation pressure due to a fiuctuating intracavity photon 
fiux. From the linearized Langevin equations, the intracavity force fiuctuation spectrum can 
be calculated to have the form 

Sf(SJ) = 16rfcJ^" -^'"''^'^ , h^k\ (7) 



It is noted that Sx and Sp fulfill the expected uncertainty relation 

^ A. 4 (8) 

with an equality in the limit (?7c ^ 1) -v^ (tq ^ Tcx), that is, for a strongly overcoupled cav- 
ity. The fluctuating backaction force drives the mechanical oscillator, and therefore induces 
position fluctuations. Assuming the fluctuations in the amplitude and phase quadratures of 
the input light field are uncorrelated, the position fluctuations induced by Sp are uncorre- 
lated with the apparent position fluctuations Sx- Thus the total measurement uncertainty 
is given by 

si°\n) = Sxin) + \xm'SFm (9) 

where 

^^^^ = m^s{Ql-Q^-^Q^^) 
is the susceptibility of the mechanical oscillator and Fm is its mechanical damping rate. It is 
important to note that this susceptibility is modified when the optical resonance is excited in 
a detuned manner 4^. However, for resonant probing as considered here, it is not modified. 



The total measurement uncertainty is minimized for an input flux of 



, 2 

Q 



yielding 



^oV^-^c-T^^^^ (11) 



5SQL(^) = MM = ^ (12) 



called the standard quantum limit 



ll| in the case rjc = I. Its peak value at f2m is 



^x'^'(fim) = ■ (13) 



In this calculation we have explicitly considered the effect of the coupling conditions to 
the cavity, which can — as a unique feature — be varied continuously in the experiment by 
adjusting the gap between the coupling waveguide and the WGM resonator. The SQL is 
approached most closely in the overcoupled limit Tcx ^ tq. It is noteworthy that the fibre- 
taper coupling technique to microtoroids can deeply enter this regime, and 100 ■ Tgx < tq 
(?7c = 99%) has been demonstrated [45|. On the other hand, such a strong coupling reduces 
the cavity finesse and thus comes at the expense of a higher optimum power P^^. Working 
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with weaker coupling, such as critical coupling as typically pursued in this work, brings only 
a moderate penalty as f|T2|) shows, for example, a factor of \/2 for r/c = 1/2- 

In our experiment performed at room temperature, the noise induced by quantum back- 
action is masked by thermal noise due to a fluctuating Langevin force with ^^(i^) = 
/imf.ff Fm I I coth (/j,|r2|/2/c RT) f» 2Y -axViieisk^T as k^T ^ ^f^m, adding a third term to the 



total displacement noise 



36 



4|, 



(14) 



A 



^ 1 + 14^ 



( 

+ix(^^)r 



+ 



v 



1 + 



k/2 



(15) 



This expression constitutes a description of the spectrum that is measured by analyzing the 



phase quadrature of the transmitted light past the microresonator 



42| 



III. EXPERIMENTAL IMPLEMENTATION 



Detection of the phase of a light field with quantum-limited sensitivity is a standard task 
in quantum optics, and several techniques have been developed to achieve this. In the fol- 
lowing section, two techniques which were successfully implemented for motion transduction 
in whispering gallery mode microresonators are described. 



A. Homodyne spectroscopy 

The most common method for quantum-limited phase measurement is a balanced ho- 



modyne receiver [46|| as employed in previous optomechanical experiments [20|, l22|, |47| . We 
briefly discuss the experimental protocol used for homodyne spectroscopy. This method is 
adapted to the ring topology of our resonator by sending the laser beam that is transmitted 
through the taper to a beam splitter, where it is brought to interference with a strong local 
oscillator (LO), see figure [2j Signal and local oscillator beams are derived from a monolithic 
Nd:YAG laser operating at A = 1064 nm. This source exhibits quantum-limited amplitude 
and phase noise at Fourier frequencies r2/27r > 5 MHz and power levels Plo + -P ^ 5mW 
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of interest. Due to its limited tuning speed and range we use a home-built external-cavity 
diode laser for pre-characterization of several samples until a suited toroid is found. The 
Nd:YAG laser beam is split using a polarizing beam splitter (PBSO), the signal beam is 
sent through the coupling taper in the near field of the excited cavity mode and its phase 
is shifted depending on the mutual laser-cavity detuning. The local oscillator travels in 
the reference arm of an effective Mach-Zehnder interferometer and is recombined with the 
signal beam at a polarizing beam splitter (PBSl). Spatial matching of the incident modes 
is facilitated by using single-mode fibre as mode filter on the local oscillator. After spatial 
recombination, interference is enforced using a retarder plate and another polarizing beam 
splitter (PBS2). 

It was found advantageous to actively stabilize the phase of the local oscillator at the 
combining beam splitter. Since the phase of the signal beam depends on the detuning of the 
laser from the cavity, which may itself be subject to drifts and fluctuations, it is not suited 
as a phase reference. However, by purposely introducing a small polarization mismatch 
(cf. figure El^b)) between the light in the taper region and the either predominantly TE- or 
TM-like WGM modes of the microcavity, it is possible to utilize the signal's polarization 
component orthogonal to the cavity WGM mode as a phase reference, in order to lock 
the Mach-Zehnder interferometer to the desired phase angle between WGM and LO fields. 
WGM and locking polarization components in the signal beam are separated by the first 
beam splitter (PBSl), after compensation of fibre-induced polarization rotation. An error 
signal is created by detecting the interference between the locking and the LO beam in a third 
PBS (PBS3), which provides a feedback signal to the piezoelectric transducer displacing a 
mirror. 

In order to reach quantum-limited detection sensitivity of the signal beam's phase, the 
power of the local oscillator has to be chosen such that quantum shot noise exceeds the 
receiver noise, Plo ^ NEP (Q)"^ /riHuj, where NEP(f2) is the noise-equivalent power of the 
receiver, and rj the detection efficiency. The employed commercial InGaAs receivers provide 
7^(1064 nm) ~ 87%, NEP ~ lOpW/VSz between and 80 MHz. Balancing the detectors 
avoids the saturation of the amplifiers by the large d.c.-field of the local oscillator. Ex- 
cess losses due to mode matching and tapered fibre imperfections further reduce the total 
detection efficiency to (an unoptimized) r/tot ~ 50%. 

An advantageous feature of the homodyne signal is that its d.c. -component directly pro- 
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vides a dispersive error signal 



that can be used for locking the laser to the center of the optical microcavity resonance. At 
the low signal powers used here, locking is very stable. An example of an experimentally ob- 
tained error signal is shown in figure [2t^d). Simultaneously, the fluctuations in the differential 
photocurrent induced by both optical shot noise in the signal and the thermal noises in the 
cavity displacement can be frequency-analyzed using a high-performance electronic spec- 
trum analyzer. For calibration purposes, we frequency-modulate the laser using a LiNbOa 
phase modulator external to the laser. The frequency modulation is given by 6u! = Pflmod 
for known modulation depth P and frequency fimod, and generates the same signal as would 



be induced by a radius modulation of 6x = Rduj/u |2d . l29l . l35l . l38l |. independent of cavity 
linewidth and coupling conditions. If the cavity linewidth is known in addition, the spec- 
tra can be absolutely calibrated at all Fourier frequencies, taking into account the reduced 
sensitivity beyond the cavity cutoff at k/2. 



B. Polarization spectroscopy 

A simplified setup may be obtained by co-propagating the local oscillator in the same 
spatial, but orthogonal polarization mode as compared to the signal beam [29]. Since the 
WGM modes have predominantly TE or TM character and are not degenerate, this guaran- 
tees that the local oscillator is not affected by the cavity. Due to common-mode rejection of 
many sources of noise in the relative phase between signal and LO (for example, frequency 
noise in the optical fibre), the passive stability is sufficiently enhanced to enable operation 
without active stabilization (Figure [3]). 

Enforcing interference between local oscillator and signal beams then corresponds to 
polarization analysis of the light (comprising both signal and LO) emerging from the cavity. 
While novel in the present context of a tapered fibre coupled microcavity, this is a well 
established technique to derive a dispersive error signal from the light refiected from a 



Fabry-Perot type reference cavity, named after their inventors Hansch and Couillaud 34l |. 
If fibre birefringence is adequately compensated, the error signal reads 
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FIG. 2: (a) Optical interferometric displacement transducer based on homodyne spectroscopy of 
light transmitted past the cavity ( "^u-toroid" ) . The phase of the local oscillator is actively stabilized 
("LO phase control"). Details are given in the text. PBS0-PBS3, polarizing beam splitters, (b) 
Cross section through the fibre taper and the toroidal rim in the coupling region. The polarization 
in the taper is slightly mismatched with the polarization of the cavity mode. Thus only part of the 
total field Ecav couples to the WGM, the other component E'lock can be used for the stabilization 
of the local oscillator phase. The components E'cav and -Eiock are separated in PBSl. (c) Signal in 
the balanced receiver for a scanning local oscillator (dotted, blue) at low power, and for the locked 
LO (red). The shown locked trace was recorded for about 5 seconds, (d) Typical experimental 
error signal in the balanced receiver when the laser is scanned over a cavity resonance with the 
local oscillator locked to the appropriate phase. 

identical to ( |T6l) . and a typical trace is shown in figure [3](c). This is used to lock the laser 
at resonance Au = with a bandwidth of about 10 kHz. Calibration of the spectra may be 
performed as described in the previous section. 

While this approach obviously allows reducing the complexity of the experiment, this 
arrangement proved more sensitive to slow temperature drifts in the polarization mode 
dispersion of the fibres employed, due to the large ratio of signal and LO powers, the mag- 
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FIG. 3: Optical interferometric displacement transducer based on polarization spectroscopy of 
light transmitted in the taper past the cavity ( "^-toroid" ) . (a) After phase modulation with an 
electro-optic modulator, the polarization is prepared with a first polarization control unit (PCUl). 
The cavity WGM defines signal and LO polarizations. A second polarization control unit (PCU2) 
compensates for fibre birefringence. Polarization analysis using a A/4 plate and a polarizing beam 
splitter enforces interference of the signal and LO fields, (b) Due to the polarization non-degeneracy 
of the WGM in the cavity, only one polarization component of the light interacts with the mode, 
(c) Typical error signal obtained when the laser is scanned over a cavity resonance. 



nitudes of which are only defined by the polarization state of the hght in the fibre taper 
region. Improved stability may be obtained by reducing fibre length to its minimum of ca. 
0.5 m. For reasons of flexibility and convenience, the actual fibre length totaled to several 
meters in our experiment. Nonetheless, sensitivities of 10~^^m/v^Hz are achieved in toroids 

n 

using this method [29\. The intrinsic polarization selectivity of WGM renders the intro- 



duction of an additional polarizer, mandatory in the original implementation [3J], obsolete. 
In an earlier experiment with a Fabry-Perot cavity [48:1, the losses associated with an in- 
tracavity polarization element limited the finesse, and therefore the attained sensitivity to 
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IV. OBSERVATION AND ANALYSIS OF QUANTUM AND THERMAL NOISES 



In this section, we present characteristic results obtained with sihca microtoroids of typical 
major radii between 25 /xm and 50 fim. Figure H] shows an example of a broadband measure- 
ment using homodyne detection. If the taper is retracted from the proximity of the cavity, 
quantum shot noise exceeds the electronic noise in the receiver. It was verified that the pho- 
tocurrent noise v^S7 scales with the square root of the total power as expected for shot noise. 
While this noise is spectrally flat, the equivalent displacement noise exhibits a calculated 
a/1 + i7^/(/t/2)^ frequency dependence beyond the cavity cutoff at k/2 ^ 27r ■ 17 MHz. 

When the laser is coupled and locked to a WGM resonance, a substantially different 
spectrum is observed (Figure H]). Its equivalent displacement noise is calibrated in absolute 
terms using an a priori known phase modulation at 36 MHz, and taking the cavity cutoff 
into account. The equivalent displacement noise of the cavity exceeds the shot noise at 
all frequencies for a high enough power in the signal beam, leading to a background level 
equivalent to a displacement noise of \fS^ ~ 10^^*^ m/VTlz. The superimposed sparse 
spectrum of peaks fits the sum of several Lorentzians which arise from the thermal noise of 
several mechanical modes, \xi{^)\'^ S^p^^{fl) . In the following, we discuss the features of 
the spectrum in more detail. 



A. Thermorefractive noise 



The broadband, low-frequency background noise is attributed to thermorefractive noise, 
the fluctuations in refractive index induced by the fluctuations ( AT^) = k-BT"^ / pCpV of 
temperature on a microscopic volume V [49]. Here k-Q denotes Boltzmann's constant, T 
temperature, p density and Cp specific heat capacity. This leads to fluctuations of the 
resonance frequency via both the dependence of the refractive index n on temperature, and 
the thermal expansion of the material. At room temperature however, the coefficient of 
thermal expansion a is more than twenty times smaller than dn/dT, so the analysis can be 
restricted to the resonance frequency fluctuations induced by thermo re/ractroe fluctuations. 

Introducing a fluctuating thermal source field in the heat diffusion equation similar to a 

n 

Langevin approach [5Qj it is possible to derive the spectrum of refractive index fluctuations 
sampled by a WGM in a silica microsphere 351]. For high frequencies, an approximate ana- 
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FIG. 4: Broadband spectrum of the equivalent displacement noise in a silica toroidal cavity. Red, 
measured trace with laser coupled to a cavity resonance. The peak at 36 MHz is due to phase 
modulation for the purpose of absolute displacement calibration. Gray, measured shot noise with 
taper retracted from the cavity. The frequency dependence arises from the calculated reduced 
sensitivity at frequencies beyond cavity cutoff. Black, measured electronic detector noise. Orange 
and green lines are models for mechanical noise and thermorefractive noise, respectively, and the 
blue trace is a sum of the two models and the shot-noise background. 



lytic expression, neglecting also the boundary conditions for thermal waves, can be obtained. 
The result 



(18) 



was found in good agreement with the experimental data obtained on a silica microspheres 



35l | between 100 Hz and 100 kHz. Here R is the cavity radius, d and h are transverse 



mode dimensions and D is the thermal diffusivity of silica. For comparison with the toroid 



measurement calibrated as effective radial displacement, R^J Ssn/ni^) has to be evaluated. 
Inserting the material parameters of fused silica and the radius of the employed toroid into 
the model (fT8|) . the data between 100 kHz and 20 MHz can be quantitatively reproduced if no 
parameters except b and the absolute magnitude are adjusted by factors of order 2 (Figure Hj). 
These corrections are justified considering the approximations made in the derivation, and 
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potential differences in surface effects in splieres and toroids. It is interesting to calculate 
the resulting experimental root-mean-square fluctuations of the cavity's refractive index 
\J Ssn/n{^)d^ to be of order 10~^°, as it constitutes a detection limit for resonance 
frequency shifts induced by molecules in the evanescent field 51|. 

For the purposes of cavity quantum optomechanics, thermorefractive fluctuations consti- 
tute a background noise, at room temperature rolling off to a level of ~ 10~^^m/VTlz at 
Q/27T > 50 MHz, where the high-quality radial-breathing modes typically reside. Practically, 
such experiments are going to be performed in a cryogenic environment, leading to signifi- 
cant changes in the material properties. A level of R\/^s^i^iJiJVi) ~ 10"^'' m/ -\/Hz at T ~ 1 K 
may be estimated, assuming a reduction of dn/dT to < 8 ■ 10^^ as indicated by recent 



measurements 
noises 
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52|. While other sources of noise, such as thermoelastic and photothermal 



54| are not expected to exceed this value, thorough experimental characterization 



at cryogenic temperatures is necessary. 

Such a study is also an important pre-study for experiments aiming at the demonstra- 
tion of generating broadband intracavity Kerr s queezing . While above-threshold parametric 
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56| , the room temperature experiments 



oscillations have been observed in these cavities 
reported here indicate that the thermorefractive noise exceeds the quantum noise of the light 
in the cavity, as evidenced by the homodyne measurement of the cavity output. It therefore 
has to be suppressed to achieve squeezing of the cavity field. 

B. Mechanical modes 



The most prominent features in the noise spectrum are the mechanical modes of the 
microtoroids. To date, the variety of mechanical modes in silica microcavities (toroids and 
spheres) has been investigated only to a limited extent 10|,l29||, in most cases by driving modes 



with particu 



40 



57|, 



ar 



y strong optomechanical coupling into the parametric oscillatory instability 



58| . Using a Fabry-Perot cavity, however, it was shown that the Brownian mo- 



tion of a wealth of intrinsic mechanical modes of a cylindrical mirror can be studied 47|]. The 
high sensitivity methods presented in the previous section enable monitoring the Brownian 
motion of around twenty different mechanical modes in silica microtoroids over a frequency 
range spanning from below 1 MHz to above 100 MHz. Figure O shows a noise spectrum ob- 
tained by Hansch-Couillaud spectroscopy revealing a total of 16 mechanical modes. In order 
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to indentify the observed peaks with the appropriate mechanical mode patterns, a 3D finite 



element model (FEM) of the microtoroid is employed and implemented 631] . Extracting the 
geometry parameters using an optical microscope (accuracy ±5%) and matching observed 
and simulated mechanical frequencies, the FEM simulation allows identifying all observed 
peaks in the spectrum. Thus all 16 observed modes were assigned to the corresponding 
simulated mode patterns as depicted in figure [51 Figure [6] gives an overview of simulated 
frequencies and the frequencies deduced from the spectrum shown in figure [5] revealing ex- 
cellent agreement. The relative frequency deviation between measurement and simulation is 
on average less than 2%. Moreover, almost all simulated modes are observed experimentally. 
Only three out of 19 modes (number 6, 13, 18) cannot be observed which may be due to low 
mechanical Q factors (< 10). 

Due to its composite structure comprising several geometric objects microtoroids exhibit 
a diverse set of eigenmodes. In order to characterize the noise spectra, understanding the 
complex mode structure of microtoroids is in particular important as all modes contribute 
to a background noise fioor. Indeed, various mode-families can be identified in which the 
motion of the silica disk, the silica torus, and the silicon pillar partially decouples. The 
mode showing the strongest optomechanical coupling is the radial breathing mode (mode 
14 in figure [5]), and most previous work has focused on this mode js, 0, [29|. An equivalent 
mode has been studied in a microdisk structure |59i] where it was termed radial contour 
mode. In contrast, the optomechanical coupling of the torsional mode (mode number 4) 
where the silica disk shows an in-plane rotation vanishes to first order. Interestingly, this 
torsional mode can nevertheless be observed experimentally. 

One particular mode family that can be identified are the radially symmetric fiexural 
modes (modes 2, 8) in which the motion of the free standing part of the silica disk resembles 
the modes of a cantilever. The fundamental frequencies of a cantilever of length L can in 
general be expressed as VlJ'I'k = C ■ v^/Svr, where C is a material constant and the fcj are 



given by the solutions of [60 1 



cos(fci ■ L) ■ cosh(fci ■ L) + 1 = 0. (19) 

Figure [7] shows the measured frequencies of the two lowest order fiexural modes (modes 2, 
8) and, in addition, the first five fiexural modes of a different sample plotted as a function 
of the wavevector /cj, where the free standing part of the silica disk is taken as equivalent 
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FIG. 5: Mechanical modes in a silica toroidal cavity, (a) Displacement noise spectrum obtained by 
polarization spectroscopy. The calibration peak at 40 MHz corresponds to a displacement spectral 
density of 1.0-10^^^ vc? j Hz. (b) Frequency zoom on 16 Lorentzian peaks identified in the spectrum 
(linear scale). The bar below each spectrum indicates a 100 kHz frequency span. The expected 
two-fold degeneracy of some of the modes is lifted (mode 1, 7, 9, 12, 17) which is attributed 
to eccentricity. The panels are enumerated to facilitate comparison with (c) showing the spatial 
displacement patterns (highly exaggerated, also indicated in the color code) for the mechanical 
modes, as obtained from finite element modeling. The identification of the modes is made via 
frequency comparison (see figure [6|). The pattern of mode 4 is illustrated showing the displacement 
of initially parallel slices in order to depict its i^inly torsional motion. Modes 6,13 and 18 involve 
mainly motion of the silicon pillar and have not been observed experimentally. 
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FIG. 6: Simulated against measured frequencies of mechanical modes (open circles) of monolithic 
silica microcavities ranging from — 100 MHz. The measured frequencies are in excellent agreement 
with the values obtained by FEM simulation, showing a relative deviation of on average less than 
2% (full squares). The corresponding mode patterns are given in figure [5l 

cantilever length L (13.2 /zm and 39.6 /im respectively). Both sets of data allow an accurate 
single quadratic fit of the fundamental radially symmetric modes. Thus, the latter can 
indeed be regarded as cantilever modes following a uniform quadratic dispersion even for 
microtoroids of different sizes. In particular, the quadratic dispersion rules out the presence 
of radial tensile stress within the silica disk as this would imply a linear dispersion relation. 

Another obvious mode family which can be distinguished is characterized by sinusoidal 
oscillations of the torus itself (modes 1, 3, 5, 7, 11, 16). The dispersion diagram of these 
modes, which we refer to as crown-modes, is depicted in figure [7] for two different samples. 
The respective wavelength A is given by twice the distance between two adjacent nodes of 
each mode. The frequencies Q/27c of the crown modes observed in microtoroids of differ- 
ent circumference and torus diameter {2tt ■ 23/im/5.3/im and 2tt ■ 45 /im/5.7/im) allow a 
simultaneous quadratic fit with the frequencies fij/27r following a quadratic dependence on 
the wave vector ki = 27r/Aj. This uniform dependence shows that in this mode family the 
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silica torus, despite its attachment to the sihca disk, behaves effectively like an independent 
element. The observed quadratic dispersion relation rules out the presence of tensile stress 
within the torus in radial direction as this would lead to linear dispersion characteristic of 
a vibrating string. Since the microtoroids undergo a reflow process 30|] indeed all poten- 
tially present stresses should get relaxed during this fabrication step. As such, the observed 
quadratic dispersion characteristic for a rigid ring structure confirms this expectation. 

100r 
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rSOO 2'500 
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3'500 



FIG. 7: Measured frequencies of crown-modes (full circles) and flexural "cantilever" modes (full 
squares) of two different samples (black, blue) versus their wavevector 27r/A. Insets illustrate 
typical displacement patters. The frequency dispersion of both mode families allows an accurate 
quadratic fit (a, b) even for data from different samples (major radii here: 23 /xm and 45 /im). This 
confirms that indeed both mode families can be regarded as ring and cantilever modes respectively. 



The study of clamping losses in the radial breathing mode and the optimization of its 



mechanical Q factors 



6l| also lead to the observation of very high Q crown modes. For 



these measurements, the cavities are operated in low-pressure environment {p < 1 mbar) in 
order to reduce viscous damping, which limited the Q's of the previously discussed modes 
to values < 3000. For such a measurement, figure [H] shows the second and third order crown 
modes with Q factors exceeding SO'OOO at frequencies below 10 MHz. These high Q factors 



are attributed to low clamping losses which are studied in detail in 



6l| 



V. CONCLUSIONS 



In conclusion, we have shown that high-finesse whispering gallery modes are extraordi- 
narily well suited as transducers for micromechanical motion. Sensitivities on the order of 
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FIG. 8: Spectra and simulated mode patterns of the second and third order crown modes. They 
exhibit very hi gh m echanical quality factors of 58,000 and 51,000, which is attributed to low 
clamping losses [61 1. 



lO^^^m/vHz are achieved, on par with the best reported values [8|, l22|. The small dimen- 
sions of the WGM resonators allow in addition extending the measurement bandwidth by 
more than an order of magnitude compared to earlier work [s], This enlarged range 
conicides with the resonance frequencies of the mechanical modes of interest present in the 
device. For example, the radial breathing mode (RBM), particularly amenable to optome- 
chanical effects due to its small effective mass {rries ~ 10 ng), typically exhibits a resonance 
frequency around 50 MHz. At this frequency, average thermal phonon occupancies below 
unity are achieved at temperatures ~ 2 mK. Approaching such temperatures appears fea- 
sible using a combination of conventional cryogenics and resolved-sideband cooling [29]. It 
is interesting that the expected spectrum of even the zero-point fluctuations of this mode 
peaks at a value of a/ S'f^^(f2m) = ^JTiQjm^^s^'i ~ 10~^^m/v^Hz, assuming an effective 
Q = 100 after cryogenic and laser cooling. Such signal levels may be detected on top of the 
background of the thermal noises studied here, providing a route towards experimental tests 
of the theory of quantum measurements on mesoscopic objects. Finally, we note that the 
advantageous properties of WGM resonators may also be exploited for motion transduction 
of a mechanical oscillator external to the cavity, for example, by bringing it into the near 
field of the whispering gallery mode. 
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